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Complex materials with open-shell d- and f-ions having degenerate band edge 
states show a rich variety of interesting properties ranging from metal-insulator 
transition to unconventional superconductivity. The traditional textbook view of 
the electronic structure of such systems has been that mean-field approaches are 
inappropriate, as the interelectronic interaction U is required for opening a band 
gap between the occupied and unoccupied degenerate states while retaining 
symmetry. We show here that the mean-field band theory can lift such 
degeneracies when nontrivial unit cell representations (polymorphous networks) 
are allowed to break symmetry, in conjunction with a recently developed non-
empirical exchange and correlation density functional without an on-site 
interelectronic interaction U. This approach offers a different gap opening 
mechanism compared to the Mott-Hubbard approach and predicts magnetic 
moments and gaps of four classical 3d transition-metal monoxides in both the 
antiferromagnetic and paramagnetic phases. This offers a highly-efficient 
alternative to symmetry-conserving approaches for studying a broad range of 
functionalities in open d- and f-shell complex materials.   
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INTRODUCTION  
Studies of late 3d transition metal monoxides (MnO, FeO, CoO, and NiO) and their transport 
properties led to the seminal concepts of Mott insulators and strong correlation.1 Historically, these 
discussions were centered around experiments on NiO, a transparent and non-metallic material. Naïve 
band theory that assumes a non-magnetic (NM) configuration and a minimalistic cubic symmetry with a 
unit cell containing a single formula unit incorrectly predicted NiO to be metallic with partially filled d-
bands.2 This picture changed when one considered the low temperature antiferromagnetic (AFM) order 
by accommodating a bipartite spin superlattice.3 The AFM order allows for the development of local 
magnetic moments and consequently predicts a band gap even in the simple band theory, albeit with a 
larger cell. But since the spin disordered higher temperature paramagnetic (PM) phase also has a large 
observed band gap, it was believed that the long-range AFM order cannot be the driving force for the 
insulating behavior. This is because the local magnetic moment at the transition metal site in the PM 
phase adopting a single formula unit per cell must coincide with the global magnetic moment, which is 
zero, and thus the PM phase becomes non-magnetic, hence gapless. 
The failure of such band theory ideas set the stage for strongly correlated strategies. In his 
seminal work, Mott theorized that the insulation in 3d transition metal oxides can emerge from the 
strong correlation, encoded by the on-site inter electronic repulsion (“U”) between d electrons that keeps 
the electrons localized within bands of width W, where 𝑈𝑈 > 𝑊𝑊, as the correct mechanism regardless of 
the magnetic order.1 This picture of doubly-occupied and empty bands is the text book model of (Mott) 
insulation. Many contemporary non-perturbative methods4-6 applicable to open-shell transition metal 
and rare earth compounds are rooted in the concept of modelling strong correlation while conserving the 
primitive cell and symmetry.7,8 The dynamic mean field theory (DMFT)6  is one of the most successful 
of these widely used in condensed matter physics, whose quantitative predictions however rely on the 
value of U as an input that is usually not determined from first-principles in practice.7,8 This textbook 
view disqualified mean field theories that average over the degenerate partners and methods based on 
perturbation theories, from being applicable to the monoxides’ band gap problem. Far more complex, 
explicitly dynamically correlated methodologies4-6 were then offered as the only viable approach to such 
systems, making electronic structure studies of structurally complex transition metal oxide 
functionalities such as catalysis, superconductivity, magnetoresistance, and doping practically 
unapproachable by material specific theories. 
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Imposing cubic symmetry on each transition metal site for the PM phase can be overly restrictive 
however, as noted by Trimarchi et al9 and Varignon et al.10 Indeed, much like the AFM configuration 
that involves a doubling (or quadrupling) of the primitive cell, the PM phase can also be described by an 
even larger spin supercell, where the total magnetic moment is zero, yet local sites could develop 
nonzero local magnetic moments, should the methods used to describe the electronic structure can lead 
to energy lowering relative to the naïve nonmagnetic, primitive unit cell approximation.9 Such 
representations for the PM phase would allow the existence of a distribution of different local 
environments (polymorphous network) for transition metal sites.9 Generally, the polymorphous 
representations allow for a range of symmetry breaking mechanisms (Jahn-Teller displacements; 
octahedral tilting and rotations; different disordered spin environments; as well as occupying unequally 
the degenerate partners of a previously degenerate state, such as E(1,0) instead of E(1/2;1/2)), all 
contributing to gap opening, magnetic moment formation, and stabilization of the observed crystal 
structures.9 Symmetry can be restored as a final step,11,12 but this formality should not affect much the 
total energy of symmetry-broken individual configurations. 
The polymorphous representations in conjunction with density functional theory (DFT) 
augmented by U (DFT+U)13,14 have been shown to open band gaps in both binary 3d oxides9 as well as 
ternary ABO3 perovskites where B = 3d ion.10,15 DFT is exact in principle for the ground state total 
energy and electron density of a system of electrons under external scalar potential. In practice however, 
the system of interacting electrons is mapped to a Kohn-Sham (KS) auxiliary non-interacting system 
with the same electron density. This auxiliary system is usually described by a single Slater determinant 
and is thus computationally efficient with only mean-field-like cost. In a KS-DFT calculation however, 
the exchange-correlation energy as a functional of electron density that carries the many-electron 
interaction effects must be approximated. Not all exchange-correlation functionals can take advantage of 
symmetry-breaking energy-lowering opportunities afforded by polymorphous representations. This 
requires density functionals that have (i) reduced self-interaction error (leading to realistically compact 
orbitals) to benefit energetically from symmetry breaking, and (ii) the capability to distinguish occupied 
from unoccupied orbitals for example through different effective potentials for different orbitals. The 
importance of looking for such density functionals lies in the efficiency, low cost, and ease of 
interpretation of results of polymorphous DFT calculations, relative to explicitly correlated approaches 
applicable to solids such as Quantum Monte Carlo,4 DMFT,5 and density matrix embedding theory.6 
DFT+U satisfies the above criteria, and thus opens band gaps for open-shell transition metal 
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compounds.9,10 Within DFT however, the U is a simplified way to correct the self-interaction errors of 
the underlying exchange-correlation energy density functional.14 Despite the different physical 
interpretation of U, it is also not straightforward to determine the value of U as an input for DFT+U, a 
problem shared with DMFT. 
 
Table I. Stabilities, band gaps, and local magnetic moments of four 3d monoxides in the G-type AFM phase and 
PM phase calculated by the SCAN density functional without U. The PM phases are modeled by the special 
quasirandom structure (SQS) with 216-atom supercells to create close approximations to the random spin 
configuration.9,16 “Unrelaxed” means that both the lattice type and the cell internal coordinates are kept equal  to 
the experimental NaCl crystal structure. “Relaxed” means that our calculations started from the NaCl 
experimental crystal structure and the employed gradient relaxation algorithm identifies the nearest minima, 
generally not the deepest minima. Orbital moments in the “AFM, Unrelaxed” calculations are given in 
parentheses. The magnetic moments in the SQS-PM phase have small variations in magnitude among the 
transition metal sites, and the results given here are the averaged values.  
    Energy (meV/atom)              Band gap (eV)    Magnetic moment (µB) 
Structure & 
model 
MnO NiO FeO CoO MnO NiO FeO CoO MnO NiO FeO CoO 
NM, Unrelaxed  1487 666 561 542 0 0 0.71a 0 0 0 0 0 
             
AFM, Unrelaxed 0 0 0 0 1.63 2.48 0.22 0.98 4.44 
(0) 
1.58 
(0.07) 
3.55 
(0.05) 
2.58 
(0.08) 
 
AFM, Relaxed −4.7 −0.2 −59 −1.5 1.67 2.52 0.14 0.94 4.43 1.57 3.54 2.57 
AFM, Expt.  -- -- -- -- 3.5 3.5, 4.117-
19 
2.418 2.320 4.5821 1.921 4.021 3.8~3.9821 
PM, Unrelaxed 14 40 13 33 0.77 1.50 0.18 0.94 4.47 1.63 3.60 2.62 
PM, Relaxed 12 37 −32 32 0.80 1.49 0.21 1.07 4.47 1.63 3.58 2.62 
PM, Expt. -- -- -- -- 3.7 4.022,4.323 2.424  2.320     
aFeO can also have a band gap in its non-magnetic phase, but its total energy is high in comparison with the G-type AFM 
phase.  
 
In this paper, we show that, without explicitly invoking U, the non-empirical strongly-
constrained-and-appropriately-normed (SCAN)25 density-functional, in conjunction with the 
polymorphous representations, predicts magnetic moments reliably and opens bandgaps of the four 
considered monoxides (MnO, FeO, CoO, and NiO) (Table I) in the AFM phase as well as the high-
temperature PM phase, where for the latter the polymorphous network of spin disorder is modeled by 
the special quasirandom structure (SQS).16 Table I also shows that SCAN predicts the naïve non-
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magnetic model to be too high in energy. Thus, such NM calculations previously used to disqualify DFT, 
are not relevant for predicting physical properties of the monoxides unless used with higher-level 
theories (including higher-level DFT approximations.26 These findings are consistent with previous 
work in cuprates27-29 and the ABO3 perovskites,15 where SCAN also predicts reliable magnetic moments 
and opens band gaps without U. This success indicates that the interelectronic interaction U is not 
necessarily the critical ingredient for opening gaps of Mott insulators, offering an alternative to 
symmetry-conserving approaches for studying complex open d- and f-shell materials.  
 
METHODOLOGY 
Our methodology9,10 consists of (A) the choice of polymorphous cell allowing symmetry breaking, 
and (B) the choice of an exchange correlation density functional allowing for a distinction between 
occupied and unoccupied states. 
A. The choice of polymorphous supercells and symmetries 
Supercells modeling a PM phase with a given lattice symmetry (cubic; orthorhombic, etc) are 
chosen9,10 according to: (i) the global shape of a supercell is fixed to the macroscopically observed 
lattice symmetry. (ii) Lattice sites of an N atom supercell are occupied by spin-up and spin-down so as 
to achieve the closest simulation of a perfectly random (i.e. high temperature limit) distribution. This is 
accomplished by the Special Quasirandom Structurec (SQS) construct that selects site occupations so 
that pair and many body atom-atom correlations match the analytically known random functions in an N 
atom cell. Short-range order can be readily accommodated (but not done in the current work) by 
matching correlated spin distributions. Note that an SQS gives rise to the existence of many local 
environments such as a given spin up may be coordinated by m spin down and 12 - m spin up nearest 
neighbor sites. The observable property calculated from such SQS is therefore not simply the property of 
a single ‘snapshot’ configuration but approximates the ensemble average for the random configuration.30 
(iii) Relaxation is performed by retaining the symmetry of the lattice vectors to the originally assumed 
symmetry (here, cubic) while relaxing cell-internal atomic positions. Atoms are nudged initially to avoid 
trapping in local minima. (iv) Occupation numbers of degenerate partially occupied orbitals are nudged 
and not forced to be the same. (v) Wavefunctions are not symmetrized. 
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In this work, we use for the NM, AFM and PM supercells the conventional two atom primitive cell, 
the G-type AFM configuration with four atoms (a 64-atom supercell for the G-type AFM of FeO. See 
supplementary materials for further discussions), and the 216-atom SQS, respectively.  
 
B. The required nature of the exchange correlation functional  
The single particle bandgap εCBM −  εVBM (CBM and VBM denote conduction band minimum and 
valence band maximum, respectively) from a KS-DFT calculation using a multiplicative potential 
generally underestimates the total-energy band gap [defined as the difference between the ionization 
energy 𝐸𝐸𝐼𝐼 = 𝐸𝐸(𝑁𝑁 − 1) –  𝐸𝐸(𝑁𝑁)  and the affinity energy 𝐸𝐸𝐴𝐴 = 𝐸𝐸(𝑁𝑁) –  𝐸𝐸(𝑁𝑁 + 1)  with N being the 
number of electrons] even with the exact KS exchange-correlation energy density functional, because of 
the derivative discontinuity.31 It is also known that the popular multiplicative density functionals, e.g., 
the generalized-gradient-approximation (GGA) in the form of Perdew-Burke-Ernzerhof (PBE),32 cannot 
consistently open the band gaps of the four monoxides even in the AFM phase. A rigorous33-35 self-
interaction correction (SIC)36 or a simplified version via the PBE+U approach9,10,13,14 opens the band 
gaps of the aforementioned binary and ABO3 3d oxides, by creating a distinction between occupied and 
unoccupied states with more bound (compact) 3d orbitals. Considering the fact that SCAN opens the 
band gaps systematically without invoking the U parameter (Table I), it is interesting to ask what SCAN 
improves over PBE? 
It has been proved that37-39 within the generalized Kohn-Sham (gKS) scheme, where the effective 
potential is non-multiplicative (e.g., orbital dependent), the single-particle εCBM −  εVBM band gap for a 
solid from a density functional calculation is equal to the total energy band gap for the same density 
functional, if the gKS potential operator is continuous and the density change is delocalized when an 
electron or hole is added. This implies that density functionals accurate for total energies can predict 
accurate band gaps for solids in the single-particle gKS scheme. SCAN implemented in the gKS 
formalism is a meta-GGA dependent on the kinetic energy density and thereby orbital dependent. The 
inclusion of the kinetic energy density as an ingredient enables SCAN to recognize different chemical 
bonding environments40 and to satisfy 17 exact constraints (exact properties of the exchange correlation 
energy density functional), including the 11 constraints satisfied by PBE.25 SCAN has been shown to 
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improve over PBE for a wide class of materials with diverse properties.27,40 Hence, we can conclude that 
the improved total energy accuracy offered by SCAN is transferred to give accurate band gaps. 
One of the major error sources in PBE is the self-interaction error (SIE) due to the imperfect 
cancellation of the spurious classical Coulomb self-interaction, an electron repelling itself, by the 
approximate exchange-correlation energy. This has effects of delocalizing electrons to minimize the 
residual Coulomb self-interaction, destabilizing magnetic moments, and reducing bandgaps. The finite 
SIE is clearly demonstrated in the H2+ binding energy curve [Figure 1(a)]. As there is only one electron, 
the Hartree-Fock (HF) description is exact, with the classical Coulomb interaction completely canceled 
by the exact exchange. When stretching H2+ , significant SIE develops within the PBE and SCAN 
calculations. Interestingly, the improvement of SCAN over PBE in approaching the exact asymptotic 
limit is noticeable, although SCAN does not impose SIE cancellation in its construction. For SCAN, the 
SIE reduction leads to more compact and energetically deeper orbitals, as directly visualized from the 
𝜌𝜌SCAN − 𝜌𝜌PBE plot in MnO [Figure 1(c)]. This charge density difference shows that SCAN accumulates 
electrons around the ions but depletes them in the interstitial regions compared to PBE, clear evidence of 
electron localization and SIE reduction. It is worth noting that a residual SIE persists in SCAN however, 
and band gaps are still considerably underestimated, as shown in Table I.  
 
Figure 1. Self-interaction error reduction, spin symmetry breaking, and electron localization with SCAN. (a) The 
dissociation energy curves of the H2+ molecule by the Hartree-Fock (HF), PBE, and SCAN functionals. (b) The 
dissociation energy curves of H2 molecule by the spin-unrestricted HF (U-HF) and SCAN (U-SCAN), and the 
reference coupled-cluster-singles-doubles (CCSD). The inset shows the energy difference between U-SCAN and 
CCSD in mHartree. Hartree-Fock and CCSD are basis set exact for H2 and H2+. (c) Difference of electron density 
of MnO AFM phase calculated by SCAN and PBE, 𝜌𝜌SCAN − 𝜌𝜌PBE. MnO is selected as Mn2+ is a fully spin 
polarized with a simple completely filled 3d5-shell in one spin channel.  
 
Page 8 of 16 
 
The ability of SCAN to capture SIC and localization helps it describe nontrivial two electron 
systems, e.g., H2, with accuracy rivaling the far more complex coupled cluster method. Figure 1(b) 
shows the H2 binding curves, which can be used to qualitatively illustrate the applicability and 
limitations of the spin symmetry breaking approach to model the PM phase. As the H2 bond length is 
stretched, the first excited spin-triplet and ground spin-singlet states become degenerate, causing 
difficulty for mean-field-like methods if symmetries are enforced. If spin-symmetry is broken however, 
even an unrestricted HF (U-HF) model can recover the exact dissociation limit, though it deviates the 
reference curve at shorter separations. Remarkably, unrestricted SCAN (U-SCAN) accurately recovers 
the whole CCSD binding curve with only small disagreement, with the maximum of ≈ 10 mHartree at 
1.5Å, around the shoulder. This recovery of the binding energy curve however comes at the price of 
“spin contaminated” unrestricted wavefunction solutions that are no longer eigenfunctions of the total 
spin operator ?̂?𝑆2.  
Similar to the H2 binding curve, it is reasonable to expect the spin symmetry broken SCAN with 
the SQS model can predict better total energies for the PM phase than the spin symmetry conserved NM 
model used previously. With the connection between total energy and band gap established in gKS, 
opening a band gap in the PM monoxides within the SQS model is also expected. Symmetry must be 
restored however for properties sensitive to the shape of wavefunction.11,12  
 
RESULTS: OPENING BAND GAPS IN THE TRANSITION-METAL MONOXIDES  
Table I shows that structural relaxation enhances the stability of the monoxides in the AFM and PM 
phases. This change is small for MnO, NiO, and CoO, while the energy of FeO is significantly reduced 
by structure relaxation, resulting in a structural phase transition to the monoclinic phase. Structural 
relaxation has relatively small effects on the calculated bandgaps and magnetic moments however, 
consistent with the results found in Ref. 9. Therefore, the following discussions are based on 
calculations from the experimental NaCl crystal structures.  
 
A. The AFM Phases 
The gap opening mechanism of the AFM phase monoxides has been studied widely by different 
methods (see Ref. 9 and references therein for detail discussions), including DFT+U.9,21,41 Table I shows 
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that SCAN, without invoking the interelectronic U, opens the band gap of the AFM phase for the four 
transition-metal monoxides, while Figure 2 shows the SCAN band structures.  
The mechanisms of gap opening varies among the 4 binary oxides studied here: (i) In MnO a band 
gap of 1.63 eV is seen with exchange splitting between the spin-up and spin-down channels, resulting in 
the Mn2+ 3d5 orbitals having one fully occupied [(𝑡𝑡2𝑔𝑔3 𝑒𝑒𝑔𝑔2)↑] group and one completely empty [(𝑡𝑡2𝑔𝑔0 𝑒𝑒𝑔𝑔0)↓] 
group. (ii) For NiO, the band gap of 2.48 eV is between the (𝑡𝑡2𝑔𝑔3 )↓  and (𝑒𝑒𝑔𝑔0)↓ states, originating from 
crystal-field splitting. (iii)For FeO, the band gap is within the three  t2g orbitals of Fe2+ 3d6.  If we define 
the local Cartesian axes along the Fe-O bond directions, the self consistent occupation of dxy, dyz, and dxz 
orbitals are 0.332, 0.342, and 0.272 electrons, respectively, demonstrating the occupation symmetry 
breaking (i.e., orbital anisotropy21 or polarization41). Such occupation symmetry breaking is crucial for 
the band gap formation in partially occupied t2g systems like FeO (𝑡𝑡2𝑔𝑔1 ), in addition to the exchange 
splitting and crystal-field splitting mechanisms (see the discussions in Supplementary Materials). The 
occupied minority spin d band is a linear combination of the dxy, dyz, and dxz orbitals with a1g 
symmetry.41 (iv) For CoO, the band gap opening is due to the occupation polarization of the two 
occupied t2g sub-bands and one empty t2g sub-band. These findings are consistent with the earlier 
work.9,14,42 
 
Figure 2. SCAN Band structures of the four G-type AFM transition-metal monoxides calculated with the 
experimental NaCl crystal structures. Orbital characters indicated as red circles (○) are the 3d states in the 
majority spin channel, green squares (□) the 3d states in the minority spin channel, and blue crosses (×) the 
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transition-metal 4s sates. Interaction patterns of the 3d states, i.e., bonding (b), anti-bonding (a), and non-bonding 
(n), are also labeled. For FeO, the inset shows the charge density distribution of the highest occupied band a1g 
band, which is a linear combination of the dxy, dyz, and dxz orbitals.41 The valence band maximum (VBM) is 
located at the “M” point, which is not included in the standard K-path of this figure [see Figure S1(d)]. The 
regions between occupied and unoccupied states are shaded with yellow.  
 
  B. The PM phases  
Table I shows that SCAN with the SQS-PM model stabilizes local magnetic moments for all 
considered monoxides, with the values almost the same as those of the AFM phases, and thus the band 
gaps are opened. This stabilization of local magnetic moments makes the SQS-PM model substantially 
more stable than the naïve NM model even though both models have zero total magnetic moment. 
 
Page 11 of 16 
 
Figure 3. Density of states of four transition-metal monoxides with the G-type AFM and SQS-PM spin 
configurations calculated by SCAN. All crystal structures are fixed to the experimental data. The SQS model 
contains 216 atoms. The band gaps are indicated by the vertical dashed lines. 
 
 In addition to the lifting degeneracy, the low-symmetry crystal field due to the spin disorder in 
SQS-PM broadens density of states (DOS) in comparison to the AFM DOS for all considered 
monoxides, as shown in Figure 3. This is consistent with early work for the PM phase.34,43 As a result, 
the metal-oxygen bonding is weakened, leading to noticeable destabilizations of the SQS-PM 
monoxides with respect to their AFM phases. The broadening of DOS also causes the reduction of band 
gaps in MnO (from 1.63 eV in the AFM phase to 0.77 eV in SQS-PM) and NiO (from 2.48 eV in the 
AFM phase to 1.50 eV in SQS-PM). It is interesting to note that the band gaps of FeO and CoO are 
almost unaffected by the spin disorder. This is likely due to the fact that the gap opening in these two 
monoxides mainly comes from the occupation symmetry breaking of the t2g states, which is not directly 
related to the crystal field symmetry breaking. It is also worth noting that the monoxides’ band gaps at 
both AFM and PM phases are significantly underestimated by SCAN, possibly due to the remaining 
self-interaction error.44,45 The band gap characteristics (i.e., whether it is a d→d or a d→s bandgap) may 
change after the self-interaction error in SCAN is corrected, which can alter the relative positions of the 
transition-metal 3d- and 4s-states at the conduction band edge.   
 
Figure 4. Disorder patterns of spin and orbital in the paramagnetic phase simulated in the 64-atom-supercell from 
a SCAN SQS-PM model. (a) MnO, spin disorder visualized from the charge density distributions of the two 𝑒𝑒𝑔𝑔𝑎𝑎 
bands. (b) FeO, the 𝑎𝑎1𝑔𝑔band. The two 𝑒𝑒𝑔𝑔𝑎𝑎 bands in MnO and the 𝑎𝑎1𝑔𝑔band in FeO are selected because they are just 
below the valence band maximum and are well separated from the other transition-metal 3d and O-2p states. 
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Similar information for NiO and CoO is difficult to extract because of the significant band mixing. The blue and 
red isosurfaces denote the two spin channels on each transition-metal ion. Oxygen atoms are omitted for 
simplicity. The 216-atom supercell contains similar information, but the smaller 64-atom supercell is selected 
here for clarity.  
 
The DOS broadening highlights the capability of the SQS-PM model to provide different local 
environments9 and SCAN’s capability to recognize chemical environments.40 This enabling and 
appropriate handling of different local environments is directly visualized in the density distributions of 
3d spin orbitals. Figure 4(a) plots the spin orbital density of the two Mn2+ 𝑒𝑒𝑔𝑔𝑎𝑎 states below the Fermi 
level of the SQS-PM MnO [counterparts to the two 𝑒𝑒𝑔𝑔𝑎𝑎 states indicated in Figure 2(a)]. The distribution 
pattern clearly reflects the random distribution patterns of the magnetic moment directions, while the 
spatial distributions at Mn2+ sites with different magnetic moment directions are equivalent. In stark 
contrast, a similar plot of the 𝑎𝑎1𝑔𝑔 state of the SQS-PM FeO below the Fermi level shows an interesting 
spatial disorder in addition to the spin disorder, demonstrated in Figure 4(b). As mentioned in the 
analysis of the AFM phase, the 𝑎𝑎1𝑔𝑔 state in FeO is a singly occupied band resulting from the linear 
combination of three near-degenerate t2g orbitals. The spatial disorder illustrated in Figure 4(b) reflects 
the occupancy symmetry breaking coupled to the spin disorder enabled by the SQS model and captured 
by SCAN, consistent with the findings from DFT+U (see Fig. 6 of Ref. 9). The spatial disorder also 
presents in the AFM FeO when a supercell containing more than two Fe atoms is used (see the 
Supplementary Materials). 
In general, the DOS curves of SQS-PM model are similar to those of the AFM model (Figure 3), 
which is consistent with the experimental finding, i.e., the long-range ordering of the magnetic moments 
is not the driving force of the band gap opening. Instead, it is the stabilization of the local magnetic 
moment that opens the band gap, which is the essence of the Mott physics,1 consistent with previous 
studies of local spin density approximation (LSDA) plus SIC with disordered local moment (DLM)34 
and DFT+DMFT results.7,8  
 
Page 13 of 16 
 
SYMMETRY RESTORATION 
As in all symmetry broken solutions11, 12, 45 one needs to restore the global symmetry. See Ref. 46 and 
references therein. The telling fact is that different SQS configurations corresponding to different initial 
nudging all give similarly large local moments and similar band gaps.9 Therefore, symmetry restoring 
linear combinations of such solutions most likely changes only little. Approaches exist for restoring 
symmetries after they are broken, e.g., projected unrestricted HF and CCSD in quantum chemistry,11,46 
and nuclear physics.12 As spontaneous symmetry breaking happens in extended systems, e.g., the AFM 
phase of the considered monoxides, the symmetry dilemma of getting total energy and wavefunction 
symmetry simultaneously correct may be less severe for solids. Properties determined by symmetries 
however, e.g., topological properties of materials with open d- or f-shell ions, might not be reliable from 
symmetry broken DFT calculations for which symmetry restoration is likely required.  
 
CONCLUSIONS  
This work shows that the non-empirical and  efficient semilocal SCAN density functional in 
conjunction with the polymorphous representations predicts reliable magnetic moments and opens band 
gaps for the prototypical Mott 3d transition-metal monoxides in the AFM and PM phases, even without 
involving the interelectronic U.9 This significant theoretical improvement is realized by a considerable 
reduction of SIE in SCAN and its implementation in the gKS scheme working in addition with the 
polymorphous network environment. This implies that density functionals with minimal self-interaction 
errors should be able to predict trends in band gaps of open d- and f-shell compounds within the gKS 
scheme, once allowing for symmetry breaking through, e.g., the polymorphous representation. We have 
thus demonstrated that mean-field-like theories can describe critical properties like band gaps and 
magnetic moments of open d- and f-shell materials when symmetry breaking is allowed. This work 
therefore opens an alternative to symmetry-conserving approaches to study open d-shell and f-shell 
materials. 
 
COMPUTATIONAL DETAILS 
The SCAN functional is implemented in the Vienna Ab-initio Simulation Package (VASP).47 We 
used the projector-augmented wave method,48,49 and a cutoff energy of 500 eV is used to truncate the 
plane waves. The K-meshes for Brillouin zone integration are 8×8×8 for the 4-atom unit-cell, 3×3×3 for 
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the 64-atom supercell, and 2×2×2 for the 216-atom supercell. In minimizing the electronic structure of 
FeO and CoO, we found it is crucial to use the conjugate gradient algorithm to find the global minimum 
solution.  We used the stochastic generation algorithm implemented in the Alloy Theoretic Automated 
Toolkit (ATAT) code50,51 to search for the best SQS for the 64- and 216-atom supercells. 
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1. Opening a band gap in AFM FeO and CoO: Occupation symmetry breaking of the t2g orbitals 
Fe2+ (3d6) in FeO and Co2+ (3d7) in CoO have their majority spin channels filled by five electrons, 
but their three-fold degenerate t2g orbitals in the minority spin channels have partial occupancy with one 
and two electrons, respectively. Therefore, the degeneracy of the three t2g orbitals must be lifted in order 
to open a bandgap across them. Figure 1(c,d) show that the bandgaps from SCAN are between one 
occupied t2g band and two empty t2g bands for FeO, two occupied t2g bands and one empty t2g band for 
CoO. Although the gap opening mechanism is similar for FeO and CoO, we find that it is much more 
difficult to open the bandgap of FeO. We, therefore, take FeO as an example to analyze the orbital physics 
and gap opening mechanism.  
Figure S1(a-c) are the t2g bands of FeO calculated by density functional approximations. When orbital 
symmetry (see detailed discussions in the next paragraph) is enforced, a common method for reducing 
computational cost, neither PBE [Figure S1(a)], SCAN (not shown here), nor their combination with 
Hubbard U opens a gap across the three t2g orbitals.  The degeneracy of the three t2g-derived bands along 
the Γ-Ζ path is protected by the orbital symmetry, which prevents a gap being opened within the single-
particle approaches. After lifting the orbital symmetry constraint, PBE opens a tiny local gap at each K-
point [inset of Figure S1(b)], although those local gaps are too small to result in a bandgap across the 
whole Brillouin zone. Finally, the SCAN meta-GGA separates one occupied t2g orbital [the a1g orbital, see 
Figure S1(c)] from the other two unoccupied t2g orbitals, resulting in an insulating state.  
The gap opening in SCAN calculations is partially due to the reduction of the self-interaction error 
(SIE). The SIE typically makes the pd orbitals too diffuse, leading to a too small bandgap. Another 
important effect is related to the orbital occupation symmetry breaking: SCAN predicts that the dxy, dyz, 
and dxz [Figure S1(e-g)] orbitals have different occupation numbers of 0.332, 0.342, and 0.272 electrons, 
respectively. It is worth noting that there are some numerical uncertainties in counting the electron 
numbers based on the DFT approaches. Nevertheless, it is evident that while the dxy and dyz orbitals are 
near-degenerate, the dxz orbital has a smaller occupation.  
 
Page 2 of 10 
 
 
Figure S1. Gap opening mechanism in rock-salt FeO with the G-AFM magnetic ordering. (a) PBE predicted 
band structure by keeping the t2g orbital symmetry. (b) PBE calculation but with the t2g orbital symmetry removed. 
Spin-orbit coupling effect is used to guide the calculation to find the electronic ground state. (c) SCAN band 
structure also with orbital symmetry removed. In subplots (a-c), the t2g wavefunctions are superimposed onto the 
band structures. The insets of subplots (a-b) show the band degeneracies of the zoomed-in areas. (d) Brillouin zone 
and K-path of the G-AFM phase for the band structure calculations. Also shown is constant energy surfaces that 
are 0.1 eV below the valence band maximum in subplot (c). (e-g) The dxy, dyz, dxz orbitals extracted from the Wannier 
function construction, from SCAN calculation. The blue and pink colors denote the signs of Wannier function. (h) 
The a1g orbital. (i) The difference of charge density distribution between calculations with and without orbital 
symmetry, both from SCAN calculations. The blue and pink colors denote charge accumulation and depletion, 
respectively. (j) The difference of charge density distribution between SCAN and PBE calculations, both without 
orbital symmetry.  
 
This t2g orbital polarization can only be captured when the constraint of orbital symmetry was 
removed, which can be realized by turning on spin-orbit coupling or turning off the symmetry constraint 
(ISYM = -1 in the VASP calculation). The linear combination of the dxy, dyz, and dxz orbitals has a1g 
symmetry [Figure S1(h)], and its orientation is approximately along [111] direction with a small deviation 
angle. As a result, the orbital symmetry is lower than the rock-salt lattice symmetry. In fact, the t2g orbital 
polarization can be directly visualized from the difference of charge densities calculated with or without 
the symmetry constraint [Figure S1(i)], which reveals an a1g-like shape with charge accumulation along 
the [111] direction.  
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Theoretically, it is interesting that SCAN captures the t2g orbital polarization well. For comparison, 
we plot the difference of charge distribution predicted by SCAN and PBE [Figure S1(j)], both without 
orbital symmetry constraint in the calculations. Surprisingly, this pattern in Figure S1(j) is almost identical 
to that in Figure S1(i). As PBE usually underestimates the electron inhomogeneity, our results show that 
SCAN is more reliable than PBE in recognizing the subtle differences of chemical environments and thus 
effectively distinguishing the transition-metal 3d orbital anisotropy.  
2. Supercell effects on the FeO structure relaxation at the AFM and PM phases 
Table S1 shows the effect of supercell size on the FeO structure relaxation. The well-known G-
type AFM phase is conventionally simulated in a hexagonal primitive cell with two Fe atoms and two 
oxygen atoms. In this work, we also simulated the spin-disordered phase using the special-quasirandom-
structure paramagnetic (SQS-PM) model with 64- and 256-atoms. It is surprising that the FeO SQS-PM 
phase have lower energies compared with the above AFM phase simulated with 4-atom cell. This is not 
consistent with those in MnO, NiO, and CoO (see Table 1 in the main text).  
 
Table S1. Relative stability of FeO from different simulation models. “Un-relaxed” means that both the lattices and 
internal coordinates are kept to the experimental NaCl crystal structure, while “full-relaxed” means that all structural 
degrees-of-freedom are fully relaxed. Note that the cubic FeO6 octahedron is distorted in the structural relaxation. 
For the SQS-PM phase, our simulations with the 64-atom supercell (not shown here) are qualitatively similar to the 
216-atom supercell results here. The bigger (216-atom) cell is used here to better represent the spin disordering 
effect. The cubic 216-atom supercell is, however, incommensurate with the G-type AFM order.  
Simulation models Spin long-
range ordered? 
Orbital long-
range ordered? 
FeO6 cubic 
symmetry? 
Energy  
(meV/atom) 
 Primitive cell (4 atoms) with G-type AFM Yes Yes Yes 0 
Un-relaxed Supercell (64 atoms) with G-type AFM Yes No Yes -31 
 Supercell (216 atoms) with SQS-PM No No Yes -18 
      
 Primitive cell (4 atoms) with G-type AFM Yes Yes No -59 
Relaxed Supercell (64 atoms) with G-type AFM Yes No No -90 
 Supercell (216 atoms) with SQS-PM No No No -63 
 
The reason for the energy of the 216-atom SQS-PM being lower than the 4-atom AFM of FeO 
calculations can be understood by considering the effect of an additional degree of freedom, the orbital 
spatial order, as shown in Figure 4(b) in the main text. The orbital is enforced to order in the 4-atom 
primitive cell with the G-type AFM configuration, but with larger supercells the long-range orbital 
ordering can be broken. We therefore simulate the two effects, spin ordering and orbital disordering for 
the AFM phase, using a 64-atom supercell (Table S1). Interestingly, this model has the lowest energy 
among all three simulation models shown in Table S1, indicating the critical role of orbital disorder in 
stabilizing the electronic energy. To directly visualize these effects, we also plot the charge density of the 
a1g orbital in Figure S1, similar to Figure 4 in the main text.  
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Figure S2. Charge density of the a1g orbital of FeO in the 64-atom supercell. The G-type spin configuration is 
shown as FM coupling within (111) plane and AFM coupling between the planes. The a1g band shows a disordered 
pattern in charge density. Oxygen atoms are omitted for simplicity. 
 
3. Special-quasirandom-structure for simulating the paramagnetism 
The structural data of two SQS supercells (64 atoms and 216 atoms) are given in VASP-POSCAR 
format.  
 
SQS-PM_64atom 
4.334 
  2.00000000  0.00000000  0.00000000 
  0.00000000  2.00000000  0.00000000 
  0.00000000  0.00000000  2.00000000 
  Fe_up Fe_dw  O 
  16    16     32 
Direct 
  0.50000000  0.50000000  1.00000000 
  0.50000000  0.75000000  0.25000000 
  0.50000000  0.50000000  0.50000000 
  0.50000000  0.75000000  0.75000000 
  0.50000000  0.25000000  0.25000000 
  0.75000000  0.50000000  0.75000000 
  0.75000000  0.75000000  1.00000000 
  0.75000000  1.00000000  0.25000000 
  1.00000000  0.75000000  0.25000000 
  0.50000000  1.00000000  0.50000000 
  0.75000000  0.75000000  0.50000000 
  0.75000000  1.00000000  0.75000000 
  0.75000000  0.25000000  1.00000000 
  1.00000000  0.50000000  0.50000000 
  0.25000000  0.75000000  1.00000000 
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  0.25000000  1.00000000  0.75000000 
  0.75000000  0.50000000  0.25000000 
  0.50000000  1.00000000  1.00000000 
  1.00000000  0.50000000  1.00000000 
  0.25000000  0.50000000  0.25000000 
  0.50000000  0.25000000  0.75000000 
  1.00000000  0.75000000  0.75000000 
  1.00000000  1.00000000  1.00000000 
  1.00000000  0.25000000  0.25000000 
  0.25000000  0.50000000  0.75000000 
  0.25000000  1.00000000  0.25000000 
  0.75000000  0.25000000  0.50000000 
  1.00000000  1.00000000  0.50000000 
  1.00000000  0.25000000  0.75000000 
  0.25000000  0.75000000  0.50000000 
  0.25000000  0.25000000  1.00000000 
  0.25000000  0.25000000  0.50000000 
  0.25000000  0.25000000  0.75000000 
  0.25000000  0.50000000  1.00000000 
  0.50000000  0.25000000  1.00000000 
  0.25000000  0.25000000  0.25000000 
  0.25000000  0.50000000  0.50000000 
  0.25000000  0.75000000  0.75000000 
  0.25000000  1.00000000  1.00000000 
  0.50000000  0.25000000  0.50000000 
  0.50000000  0.50000000  0.75000000 
  0.50000000  0.75000000  1.00000000 
  0.75000000  0.25000000  0.75000000 
  0.75000000  0.50000000  1.00000000 
  1.00000000  0.25000000  1.00000000 
  0.25000000  0.75000000  0.25000000 
  0.25000000  1.00000000  0.50000000 
  0.50000000  0.50000000  0.25000000 
  0.50000000  0.75000000  0.50000000 
  0.50000000  1.00000000  0.75000000 
  0.75000000  0.25000000  0.25000000 
  0.75000000  0.50000000  0.50000000 
  0.75000000  0.75000000  0.75000000 
  0.75000000  1.00000000  1.00000000 
  1.00000000  0.25000000  0.50000000 
  1.00000000  0.50000000  0.75000000 
  1.00000000  0.75000000  1.00000000 
  0.50000000  1.00000000  0.25000000 
  0.75000000  0.75000000  0.25000000 
  0.75000000  1.00000000  0.50000000 
  1.00000000  0.50000000  0.25000000 
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  1.00000000  0.75000000  0.50000000 
  1.00000000  1.00000000  0.75000000 
  1.00000000  1.00000000  0.25000000 
 
SQS-PM_216atom 
4.334 
  3.00000000  0.00000000  0.00000000 
  0.00000000  3.00000000  0.00000000 
  0.00000000  0.00000000  3.00000000 
  Fe_up Fe_dn  O 
  54    54     108 
Direct 
0.3333333333333333  0.3333333333333333  0.0000000000000000 
0.8333333333333333  0.6666666666666666  0.5000000000000000 
0.8333333333333333  0.8333333333333333  0.6666666666666666 
0.8333333333333333  0.1666666666666667  0.0000000000000000 
0.0000000000000000  0.3333333333333333  0.3333333333333333 
0.0000000000000000  0.5000000000000000  0.5000000000000000 
0.0000000000000000  0.6666666666666666  0.6666666666666666 
0.0000000000000000  0.8333333333333333  0.8333333333333333 
0.0000000000000000  0.0000000000000000  0.0000000000000000 
0.0000000000000000  0.1666666666666667  0.1666666666666667 
0.1666666666666667  0.5000000000000000  0.6666666666666666 
0.5000000000000000  0.1666666666666667  0.3333333333333333 
0.8333333333333333  0.5000000000000000  0.3333333333333333 
0.6666666666666666  0.1666666666666667  0.5000000000000000 
0.0000000000000000  0.6666666666666666  0.3333333333333333 
0.0000000000000000  0.0000000000000000  0.6666666666666666 
0.0000000000000000  0.1666666666666667  0.8333333333333333 
0.1666666666666667  0.5000000000000000  0.3333333333333333 
0.1666666666666667  0.8333333333333333  0.6666666666666666 
0.1666666666666667  0.0000000000000000  0.8333333333333333 
0.8333333333333333  0.1666666666666667  0.3333333333333333 
0.0000000000000000  0.0000000000000000  0.3333333333333333 
0.0000000000000000  0.1666666666666667  0.5000000000000000 
0.1666666666666667  0.1666666666666667  0.6666666666666666 
0.1666666666666667  0.1666666666666667  0.3333333333333333 
0.8333333333333333  0.0000000000000000  0.5000000000000000 
0.6666666666666666  0.1666666666666667  0.8333333333333333 
0.1666666666666667  0.8333333333333333  0.0000000000000000 
0.5000000000000000  0.1666666666666667  0.6666666666666666 
0.6666666666666666  0.8333333333333333  0.5000000000000000 
0.5000000000000000  0.3333333333333333  0.1666666666666667 
0.3333333333333333  0.5000000000000000  0.8333333333333333 
0.5000000000000000  0.3333333333333333  0.8333333333333333 
0.5000000000000000  0.6666666666666666  0.1666666666666667 
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0.8333333333333333  0.3333333333333333  0.1666666666666667 
0.5000000000000000  0.6666666666666666  0.8333333333333333 
0.5000000000000000  0.0000000000000000  0.1666666666666667 
0.6666666666666666  0.5000000000000000  0.8333333333333333 
0.0000000000000000  0.5000000000000000  0.1666666666666667 
0.8333333333333333  0.5000000000000000  0.0000000000000000 
0.1666666666666667  0.3333333333333333  0.1666666666666667 
0.3333333333333333  0.5000000000000000  0.1666666666666667 
0.3333333333333333  0.8333333333333333  0.5000000000000000 
0.3333333333333333  0.6666666666666666  0.3333333333333333 
0.3333333333333333  0.1666666666666667  0.5000000000000000 
0.1666666666666667  0.5000000000000000  0.0000000000000000 
0.0000000000000000  0.6666666666666666  0.0000000000000000 
0.0000000000000000  0.3333333333333333  0.6666666666666666 
0.5000000000000000  0.0000000000000000  0.5000000000000000 
0.6666666666666666  0.0000000000000000  0.0000000000000000 
0.5000000000000000  0.8333333333333333  0.6666666666666666 
0.3333333333333333  0.1666666666666667  0.8333333333333333 
0.3333333333333333  0.0000000000000000  0.6666666666666666 
0.8333333333333333  0.5000000000000000  0.6666666666666666 
0.3333333333333333  0.0000000000000000  0.3333333333333333 
0.1666666666666667  0.6666666666666666  0.1666666666666667 
0.1666666666666667  0.3333333333333333  0.8333333333333333 
0.6666666666666666  0.1666666666666667  0.1666666666666667 
0.0000000000000000  0.8333333333333333  0.1666666666666667 
0.8333333333333333  0.0000000000000000  0.1666666666666667 
0.8333333333333333  0.8333333333333333  0.0000000000000000 
0.8333333333333333  0.6666666666666666  0.8333333333333333 
0.8333333333333333  0.3333333333333333  0.5000000000000000 
0.5000000000000000  0.8333333333333333  0.3333333333333333 
0.0000000000000000  0.5000000000000000  0.8333333333333333 
0.6666666666666666  0.6666666666666666  0.3333333333333333 
0.6666666666666666  0.0000000000000000  0.3333333333333333 
0.8333333333333333  0.0000000000000000  0.8333333333333333 
0.1666666666666667  0.3333333333333333  0.5000000000000000 
0.1666666666666667  0.6666666666666666  0.8333333333333333 
0.1666666666666667  0.0000000000000000  0.1666666666666667 
0.8333333333333333  0.8333333333333333  0.3333333333333333 
0.8333333333333333  0.1666666666666667  0.6666666666666666 
0.0000000000000000  0.8333333333333333  0.5000000000000000 
0.1666666666666667  0.8333333333333333  0.3333333333333333 
0.1666666666666667  0.0000000000000000  0.5000000000000000 
0.1666666666666667  0.6666666666666666  0.5000000000000000 
0.6666666666666666  0.8333333333333333  0.8333333333333333 
0.6666666666666666  0.0000000000000000  0.6666666666666666 
0.6666666666666666  0.6666666666666666  0.6666666666666666 
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0.1666666666666667  0.1666666666666667  0.0000000000000000 
0.6666666666666666  0.3333333333333333  0.3333333333333333 
0.6666666666666666  0.5000000000000000  0.5000000000000000 
0.3333333333333333  0.6666666666666666  0.0000000000000000 
0.3333333333333333  0.8333333333333333  0.1666666666666667 
0.5000000000000000  0.5000000000000000  0.0000000000000000 
0.6666666666666666  0.3333333333333333  0.0000000000000000 
0.6666666666666666  0.5000000000000000  0.1666666666666667 
0.3333333333333333  0.3333333333333333  0.3333333333333333 
0.3333333333333333  0.5000000000000000  0.5000000000000000 
0.3333333333333333  0.6666666666666666  0.6666666666666666 
0.3333333333333333  0.8333333333333333  0.8333333333333333 
0.3333333333333333  0.0000000000000000  0.0000000000000000 
0.3333333333333333  0.1666666666666667  0.1666666666666667 
0.3333333333333333  0.3333333333333333  0.6666666666666666 
0.5000000000000000  0.5000000000000000  0.6666666666666666 
0.5000000000000000  0.1666666666666667  0.0000000000000000 
0.5000000000000000  0.0000000000000000  0.8333333333333333 
0.5000000000000000  0.6666666666666666  0.5000000000000000 
0.5000000000000000  0.3333333333333333  0.5000000000000000 
0.0000000000000000  0.3333333333333333  0.0000000000000000 
0.5000000000000000  0.5000000000000000  0.3333333333333333 
0.8333333333333333  0.3333333333333333  0.8333333333333333 
0.6666666666666666  0.8333333333333333  0.1666666666666667 
0.6666666666666666  0.6666666666666666  0.0000000000000000 
0.6666666666666666  0.3333333333333333  0.6666666666666666 
0.5000000000000000  0.8333333333333333  0.0000000000000000 
0.8333333333333333  0.6666666666666666  0.1666666666666667 
0.5000000000000000  0.8333333333333333  0.5000000000000000 
0.5000000000000000  0.0000000000000000  0.6666666666666666 
0.6666666666666666  0.3333333333333333  0.1666666666666667 
0.6666666666666666  0.5000000000000000  0.3333333333333333 
0.8333333333333333  0.5000000000000000  0.5000000000000000 
0.6666666666666666  0.8333333333333333  0.6666666666666666 
0.6666666666666666  0.0000000000000000  0.8333333333333333 
0.8333333333333333  0.1666666666666667  0.1666666666666667 
0.8333333333333333  0.3333333333333333  0.3333333333333333 
0.6666666666666666  0.6666666666666666  0.5000000000000000 
0.5000000000000000  0.6666666666666666  0.3333333333333333 
0.1666666666666667  0.8333333333333333  0.1666666666666667 
0.3333333333333333  0.0000000000000000  0.5000000000000000 
0.3333333333333333  0.8333333333333333  0.3333333333333333 
0.3333333333333333  0.6666666666666666  0.1666666666666667 
0.1666666666666667  0.0000000000000000  0.3333333333333333 
0.0000000000000000  0.5000000000000000  0.0000000000000000 
0.0000000000000000  0.3333333333333333  0.8333333333333333 
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0.0000000000000000  0.1666666666666667  0.6666666666666666 
0.8333333333333333  0.6666666666666666  0.0000000000000000 
0.8333333333333333  0.5000000000000000  0.8333333333333333 
0.8333333333333333  0.3333333333333333  0.6666666666666666 
0.8333333333333333  0.6666666666666666  0.6666666666666666 
0.5000000000000000  0.5000000000000000  0.1666666666666667 
0.8333333333333333  0.8333333333333333  0.8333333333333333 
0.8333333333333333  0.5000000000000000  0.1666666666666667 
0.0000000000000000  0.1666666666666667  0.3333333333333333 
0.0000000000000000  0.8333333333333333  0.3333333333333333 
0.0000000000000000  0.6666666666666666  0.1666666666666667 
0.8333333333333333  0.0000000000000000  0.3333333333333333 
0.8333333333333333  0.8333333333333333  0.1666666666666667 
0.6666666666666666  0.0000000000000000  0.1666666666666667 
0.0000000000000000  0.0000000000000000  0.8333333333333333 
0.0000000000000000  0.8333333333333333  0.6666666666666666 
0.0000000000000000  0.6666666666666666  0.5000000000000000 
0.0000000000000000  0.5000000000000000  0.3333333333333333 
0.0000000000000000  0.3333333333333333  0.1666666666666667 
0.8333333333333333  0.0000000000000000  0.6666666666666666 
0.8333333333333333  0.0000000000000000  0.0000000000000000 
0.8333333333333333  0.8333333333333333  0.5000000000000000 
0.8333333333333333  0.1666666666666667  0.5000000000000000 
0.6666666666666666  0.0000000000000000  0.5000000000000000 
0.6666666666666666  0.8333333333333333  0.3333333333333333 
0.6666666666666666  0.6666666666666666  0.1666666666666667 
0.5000000000000000  0.0000000000000000  0.3333333333333333 
0.5000000000000000  0.8333333333333333  0.1666666666666667 
0.3333333333333333  0.0000000000000000  0.1666666666666667 
0.0000000000000000  0.8333333333333333  0.0000000000000000 
0.0000000000000000  0.6666666666666666  0.8333333333333333 
0.0000000000000000  0.5000000000000000  0.6666666666666666 
0.0000000000000000  0.3333333333333333  0.5000000000000000 
0.8333333333333333  0.6666666666666666  0.3333333333333333 
0.6666666666666666  0.8333333333333333  0.0000000000000000 
0.3333333333333333  0.6666666666666666  0.5000000000000000 
0.6666666666666666  0.5000000000000000  0.6666666666666666 
0.3333333333333333  0.5000000000000000  0.6666666666666666 
0.3333333333333333  0.3333333333333333  0.5000000000000000 
0.3333333333333333  0.1666666666666667  0.3333333333333333 
0.1666666666666667  0.0000000000000000  0.0000000000000000 
0.1666666666666667  0.8333333333333333  0.8333333333333333 
0.1666666666666667  0.6666666666666666  0.6666666666666666 
0.1666666666666667  0.5000000000000000  0.5000000000000000 
0.1666666666666667  0.3333333333333333  0.3333333333333333 
0.1666666666666667  0.1666666666666667  0.1666666666666667 
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0.6666666666666666  0.1666666666666667  0.0000000000000000 
0.5000000000000000  0.3333333333333333  0.0000000000000000 
0.5000000000000000  0.1666666666666667  0.8333333333333333 
0.3333333333333333  0.5000000000000000  0.0000000000000000 
0.3333333333333333  0.3333333333333333  0.8333333333333333 
0.3333333333333333  0.1666666666666667  0.6666666666666666 
0.1666666666666667  0.6666666666666666  0.0000000000000000 
0.1666666666666667  0.5000000000000000  0.8333333333333333 
0.1666666666666667  0.3333333333333333  0.6666666666666666 
0.1666666666666667  0.1666666666666667  0.5000000000000000 
0.3333333333333333  0.1666666666666667  0.0000000000000000 
0.1666666666666667  0.3333333333333333  0.0000000000000000 
0.1666666666666667  0.1666666666666667  0.8333333333333333 
0.0000000000000000  0.0000000000000000  0.5000000000000000 
0.3333333333333333  0.6666666666666666  0.8333333333333333 
0.3333333333333333  0.8333333333333333  0.0000000000000000 
0.5000000000000000  0.1666666666666667  0.5000000000000000 
0.5000000000000000  0.3333333333333333  0.6666666666666666 
0.6666666666666666  0.3333333333333333  0.5000000000000000 
0.6666666666666666  0.1666666666666667  0.3333333333333333 
0.5000000000000000  0.0000000000000000  0.0000000000000000 
0.5000000000000000  0.8333333333333333  0.8333333333333333 
0.5000000000000000  0.6666666666666666  0.6666666666666666 
0.5000000000000000  0.5000000000000000  0.5000000000000000 
0.5000000000000000  0.3333333333333333  0.3333333333333333 
0.5000000000000000  0.1666666666666667  0.1666666666666667 
0.3333333333333333  0.0000000000000000  0.8333333333333333 
0.3333333333333333  0.8333333333333333  0.6666666666666666 
0.3333333333333333  0.5000000000000000  0.3333333333333333 
0.6666666666666666  0.6666666666666666  0.8333333333333333 
0.3333333333333333  0.3333333333333333  0.1666666666666667 
0.1666666666666667  0.8333333333333333  0.5000000000000000 
0.1666666666666667  0.6666666666666666  0.3333333333333333 
0.1666666666666667  0.5000000000000000  0.1666666666666667 
0.0000000000000000  0.1666666666666667  0.0000000000000000 
0.8333333333333333  0.3333333333333333  0.0000000000000000 
0.8333333333333333  0.1666666666666667  0.8333333333333333 
0.6666666666666666  0.5000000000000000  0.0000000000000000 
0.6666666666666666  0.3333333333333333  0.8333333333333333 
0.6666666666666666  0.1666666666666667  0.6666666666666666 
0.5000000000000000  0.6666666666666666  0.0000000000000000 
0.5000000000000000  0.5000000000000000  0.8333333333333333 
0.1666666666666667  0.0000000000000000  0.6666666666666666 
0.0000000000000000  0.0000000000000000  0.1666666666666667 
